We show that, if E is a Banach space with a shrinking basis satisfying a certain condition, then the Banach algebra ℓ ∞ (K(ℓ 2 ⊕ E)) is not amenable; in particular, this is true for E = ℓ p with p ∈ (1, ∞). As a consequence, ℓ ∞ (K(E)) is not amenable for any infinite-dimensional L p -space. This, in turn, entails the non-amenability of B(ℓ p (E)) for any L p -space E, so that, in particular, B(ℓ p ) and B(L p [0, 1]) are not amenable.
Introduction
The theory of amenable Banach algebras begins with B. E. Johnson's memoir [Joh 1] . The choice of terminology comes from [Joh 1, Theorem 2.5]: a locally compact group is amenable (in the usual sense) if and only if its L 1 -algebra satisfies a certain cohomological triviality condition, which is then used to define the class of amenable Banach algebras.
The memoir [Joh 1] concludes with a list of suggestions for further research. One of them ([Joh 1, 10.4 
]) asks:
Is B(E)-the Banach algebra of all bounded linear operators on a Banach space E-ever amenable for any infinite-dimensional E?
It seems as if this question has recently-somewhat surprisingly-found a positive answer: In [A-H], S. A. Argyros and R. G. Haydon construct an infinite dimensional Banach space E with few bounded linear operators, i.e., B(E) = K(E) + C id E (with K(E) denoting the compact operators on E). As H. G. Dales pointed out to the author, E has property (A) introduced in [G-J-W], so that K(E) is an amenable Banach algebra for this space as is, consequently, B(E).
Still, infinite-dimensional Banach spaces E with B(E) amenable ought to be the exception rather than the rule. Indeed, it follows from work by S. Wassermann ([Was] ) and the equivalence of amenability and nuclearity for C * -algebras (see [Run, Chapter 6] ) that B(ℓ 2 ) cannot be amenable. With ℓ 2 being the "best behaved" of all ℓ p -spaces, one is led to expect that B(ℓ p ) fails to be amenable for all p ∈ [1, ∞] . However, until recently it wasn't known for any p ∈ [1, ∞] other than 2 whether or not B(ℓ p ) is amenable. The first to establish the non-amenability of B(ℓ p ) for any p ∈ [1, ∞] \ {2} was C. J. Read in [Rea] , where he showed that B(ℓ 1 ) is not amenable. Subsequently, Read's proof was simplified by G. Pisier ([Pis] ). Eventually, N. Ozawa, simplified Pisier's argument even further and gave a proof that simultaneously establishes the non-amenability of B(ℓ p ) for p = 1, 2, ∞ ( [Oza] 
This last implication is the starting point of this paper. Through a modification of Ozawa's approach from [Oza] , we show that ℓ ∞ (K(ℓ 2 ⊕ E)) is not amenable for certain Banach spaces E, including E = ℓ p for all p ∈ (1, ∞). As a consequence, B(ℓ p ) cannot be amenable for such p (and neither can B(L p [0, 1])). Together with the results from [Rea] and [Oza] , this proves that B(ℓ p ) is not amenable for any p ∈ [1, ∞].
Amenable Banach algebras
The original definition of an amenable Banach algebra from [Joh 1] is given in terms of first order Hochschild cohomology. An equivalent, but more intrinsic characterizationthrough approximate and virtual diagonals-was given soon thereafter in [Joh 2]. For the work done in this paper, however, yet another equivalent characterization of amenability due to A. Ya. Helemskiȋ turns out to be best suited ( [Hel, Theorem VII.2.20] ).
We denote the algebraic tensor product by ⊗ and use the symbol⊗ for the projective tensor product of Banach spaces. If A and B are Banach algebras, then so is A⊗B in a canonical fashion. For any Banach algebra A, we use A op for its opposite algebra, i.e., the underlying Banach space is the same as for A, but multiplication has been reversed. Multiplication in A induces a bounded linear map ∆ : A⊗A → A; it is immediate that ker ∆ is a left ideal in in A⊗A op . Definition 1.1. A Banach algebra A is said to be amenable if (a) A has a bounded approximate identity, and (b) the left ideal ker ∆ of A⊗A op has a bounded right approximate identity. Definition 1.1 makes the proof of the following lemma, which we will require later on, particularly easy: Lemma 1.2. Let A be an amenable Banach algebra, and let e ∈ A be an idempotent. Then, for any ǫ > 0 and any finite subset F of eAe, there are
and
Proof. Let • denote the product in A⊗A op . Since F ⊂ eAe, we have that {x ⊗ e − e ⊗ x : x ∈ F } ⊂ ker ∆. By Definition 1.1(b), there is r ∈ ker ∆ such that Remark. Since ker ∆ has bounded right approximate identity, there is C ≥ 0, depending only on A, but not on F or ǫ, such that a 1 , b 1 , . . . , a r , b r ∈ A satisfying (1) and (2) can be chosen such that
We shall make no use of this, however.
Ozawa's proof revisited
In [Oza] , Ozawa presents a proof that simultaneously establishes the non-amenability of the Banach algebras B(ℓ p ) for p = 1, 2, ∞ and ℓ ∞ -
In this section, we recast the final step of his proof as a lemma, which doesn't make any reference to particular Banach algebras.
A pivotal rôle in Ozawa's argument is played by the fact that the group SL(3, Z) has Proposition 2.1. For any g 1 , . . . , g m generating SL(3, Z), there is a constant κ > 0 such that, for any unitary representation π of SL(3, Z) on a Hilbert space H and any ξ ∈ H, there is a π-invariant vector η ∈ H, i.e., satisfying π(g)η = η for all g ∈ SL(3, Z), such that
We briefly recall the setup laid out in [Oza, Section 3] , which we'll require both for the lemma at the end of this section and in the proof of Theorem 3.2 below.
Let P denote the set of all prime numbers, and let, for each p ∈ P, the projective plane over the finite field Z/pZ be denoted by Λ p . Obviously, SL(3, Z) acts on Λ p through matrix multiplication, which, in turn, induces a unitary representation of SL(3, Z) on ℓ 2 (Λ p ). The action of SL(3, Z) on Λ p is 2-transitive, i.e., the product action of SL(3, Z) on Λ p × Λ p has exactly two orbits: the diagonal and its complement. Consequently, whenever
with
Finally, choose a subset
, and define an invertible isometry
With generators g 1 , . . . , g m of SL(3, Z) fixed, we shall write π p (g m+1 ) instead of v p for notational convenience. The following statement is proven (on [Oza, ), albeit not explicitly stated in [Oza, Section 5] . For the reader's convenience, we include a proof.
Ozawa's Lemma. It is impossible to find, for each ǫ > 0, a number r ∈ N with the following property: for each p ∈ P, there are
Proof. Assume towards a contradiction that, for each ǫ > 0, there is r ∈ N and, for each p ∈ P, there are
Suppose without loss of generality that r k=1 ξ k,p ⊗η k,p has norm one in ℓ 2 (Λ p )⊗ℓ 2 (Λ p ), and let Φ : ℓ 2⊗ ℓ 2 → ℓ 2⊗ 2 ℓ 2 be the non-commutative Mazur map of [Oza, Section 4] (with⊗ 2 denoting the Hilbert space tensor product). Then ξ := Φ (
where ω Φ is the modulus of continuity of Φ ( [Oza, p. 562] 
which must be of the form (4) with ζ 1 and ζ 2 as in (5). From the definition of π p (g m+1 ), it follows that
and thus
in particular,
holds.
On the other hand, we may view ξ as a Hilbert-Schmidt operator on ℓ 2 (Λ p ) of rank at most r, so that |Tr ξ| ≤ r 1 2 , where Tr is the canonical trace on B(ℓ 2 (Λ p )). The CauchySchwarz inequality then yields
Dividing by |Λ p | 1 2 and taking (7) and (8) into account, we obtain
Since Φ is uniformly continuous by [Oza, Theorem 4.1] , lim ǫ→0 ω Φ (ǫ) = 0 holds. Choosing ǫ > 0 so small that (3κ + 1) ω Φ (ǫ) ≤ 1 4 , we get
for all p ∈ P, which is impossible.
Remark. It is crucial that r ∈ N depend only on ǫ > 0, but not on any particular p.
3 The non-amenability of ℓ
It is possible to adapt the argument from [Oza] to prove the non-amenability of ℓ ∞ (K(ℓ 2 )). In this section, we shall go one step further: we shall see that, for certain Banach spaces E, the Banach algebra ℓ ∞ (K(ℓ 2 ⊕ E)) is not amenable.
Recall (from [L-T], for instance) that a sequence (x n ) ∞ n=1 in a Banach space E is called a basis for E if, for each x ∈ E, there is a unique sequence (λ n ) ∞ n=1 of scalars such that
(with convergence in the norm topology of E). For each x ∈ E and n ∈ N, set x * n (x) := λ n , where λ n is the coefficient of x n in the expansion (9). Then (x * n ) * n=1 is a sequence in E * . If (x * n ) ∞ n=1 is a basis for E * , we call (x n ) ∞ n=1 a shrinking basis for E. For instance, if p ∈ (1, ∞), then the canonical basis (e n ) ∞ n=1 is a shrinking basis for ℓ p (which is not true for p = 1).
Let E be a Banach space, and let F(E) denote the bounded finite rank operators on it. Identifying F(E) with the algebraic tensor product E ⊗ E * , we define the trace on F(E) via Tr :
We collect the following (mostly well known) facts for later use:
Lemma 3.1. Let E be a Banach space. Then the following hold:
(ii) if F is another Banach space and T =
Proof. (i) and (ii) are immediate from the definition (and well known). For (iii), note that, by linearity, it suffices to check the claim for T = x ⊗ x * with x ∈ E and x * ∈ E * . Since (x n ) ∞ n=1 is a shrinking basis for E, there are unique sequences (λ n ) ∞ n=1 and (µ n ) ∞ n=1 in C such that
λ n x n and
It follows that
as claimed.
Theorem 3.2. Let E be a Banach space with a shrinking basis (x n ) ∞ n=1 such that there is C > 0 with
Proof. We identify ℓ ∞ (K(ℓ 2 ⊕ E)) with ℓ ∞ (P, K(ℓ 2 ⊕ E)), which we will denote simply by A. Each summand of A has a canonical block matrix structure
For each p ∈ P, we embed B(ℓ 2 (Λ p )) into K(ℓ 2 ⊕ E) as upper left corner of the block matrix (11). This allows us to consider ℓ ∞ -p∈P B(ℓ 2 (Λ p )) s a closed subalgebra of A.
In particular, we can identify
with a finite subset of A. Furthermore, we let A act (as block diagonal matrices) on the space
We shall identify ℓ 2 (P, ℓ 2 ) and ℓ 2 (P, E) with completions of the algebraic tensor products ℓ 2 (P) ⊗ ℓ 2 and ℓ 2 (P) ⊗ E. For any p ∈ P, let P p ∈ B(ℓ 2 ) be the canonical projection onto the first |Λ p | coordinates of the p th ℓ 2 -summand of ℓ 2 (P, ℓ 2 ) ⊕ ℓ 2 (P, E). Let a = (a p ) p∈P and b = (b p ) p∈P be elements of A. By [Oza, Lemma 2.1(i)], we have
and from (10), we conclude that
Set e = (P p ) p∈P . Then e is an idempotent in A with
Assume now towards a contradiction that ℓ ∞ (P, K(ℓ 2 ⊕ E)) is amenable, and let ǫ > 0 be arbitrary. By Lemma 1.2 there are thus a 1 , b 1 , . . . , a r , b r ∈ A such that (1) holds and
For p, q ∈ P and n ∈ N, define
For j = 1, . . . , m + 1 and fixed p ∈ P, we then have by (12) and (13):
For k = 1, . . . , r, write a k = (a k,q ) q∈P and b k = (b k,q ) q∈P , and note that
Both inequalities, however, are possible only if there is are q ∈ P and n ∈ N with
or
It is clear from (15) that not both T p (q, n) and S p (q, n) can be zero. Moroever, if T p (q, n) = 0, then (17) must hold, and if S p (q, n) = 0, then (16) must hold. In any case, there are
Since p ∈ P was arbitrary, this contradicts Ozawa's lemma.
4 The non-amenability of B(ℓ
With Theorem 3.2 proven, we shall now see that the condition imposed on the shrinking basis of E in that theorem is automatically satisfied by the canonical basis (e n ) ∞ n=1 of ℓ p with p ∈ (1, ∞). (As is customary, we set p ′ := p p−1 , so that (ℓ p ) * = ℓ p ′ .). Let p ∈ [1, ∞), and let E and F be Banach spaces. Recall (from [D-J-T], for instance) that a linear operator T : E → F is called p-summing if the amplification id ℓ p ⊗T : ℓ p ⊗E → ℓ p ⊗F extends to a bounded linear operator from ℓ p⊗ E-⊗ stands for the injective Banach space tensor product-to ℓ p (F ). In this case, the operator norm of id ℓ p ⊗T : ℓ p⊗ E → ℓ p (F ) is called the p-summing norm of T and denoted by π p (T ).
Lemma 4.1. Let p ∈ (1, ∞). Then there is C > 0 such that
Proof. We can, for each N ∈ N, algebraically identify B(ℓ p , ℓ 2 N ) and B(ℓ p ′ , ℓ 2 N ) with the algebraic tensor products ℓ p ′ ⊗ ℓ 2 N and ℓ p ⊗ ℓ 2 N , respectively. On the other hand, those tensor products can also be identified with the spaces ℓ p ′ (ℓ 2 N ) and ℓ p (ℓ 2 N ), respectively. Hölders inequality yields immediately that
With⊗ denoting the injective tensor product, we have the isometric identifications
By [Gor, Theorem 5] (compare also [T-J, Theorem 10.3])
holds; in particular, there are C p ′ , C p > 0 with
Letting C := C p ′ C p yields the desired constant.
By Lemma 4.1, ℓ p therefore satisfies the hypothesis of Theorem 3.2 for any p ∈ (1, ∞), so that ℓ ∞ (K(ℓ 2 ⊕ ℓ p )) is not amenable, but more is true.
Recall the definition of an L p -space from [L-P]:
All L p -spaces are L p -spaces, but the converse fails: For p ∈ (1, ∞) \ {2}, the space
, all infinite-dimensional L p -spaces E are equivalent when it comes to the question of whether ℓ ∞ (K(E)) is amenable: either ℓ ∞ (K(E)) is amenable for all infinite-dimensional L p -spaces E or it is non-amenable for all such spaces.
In view of Theorem 3.2 and Lemma 4.1, we thus have:
Proposition 4.3. Let p ∈ (1, ∞), and let E be an infinite-dimensional L p -space. Then ℓ ∞ (K(E)) is not amenable.
We can finally deduce the main result of this paper:
Theorem 4.4. Let p ∈ (1, ∞), and let E be an L p -space. Then B(ℓ p (E)) is not amenable.
Proof. Assume towards a contradiction that B(ℓ p (E)) is amenable. By [D-R, Theorem 2.1], this forces ℓ ∞ (B(ℓ p (E))) to be amenable as well. Since E is an L p -space, so is ℓ p (E); in particular, ℓ p (E) is reflexive and has the approximation property, so that K(ℓ p (E)) has a bounded approximate identity. Consequently, ℓ ∞ (K(ℓ p (E))) is an ideal in ℓ ∞ (B(ℓ p (E))) with a bounded approximate identity and thus an amenable Banach algebra in its own right ( [Run, Proposition 2.3.3] ), which is impossible by Proposition 4.3.
Corollary 4.5. Let p ∈ (1, ∞), and let E be an L p -space such that E ∼ = ℓ p (E). Then B(E) is not amenable.
For any p ∈ (1, ∞), the spaces E = ℓ p and E = L p [0, 1] satisfy the hypothesis of Corollary 4.5, so that we obtain: Remark. If one is only interested in the non-amenability of B(ℓ p ) for p ∈ (1, ∞), a more direct route is possible: According to [L-T, p. 73] , the isomorphism
holds. Using, for q ∈ P, the projection from ℓ p onto ℓ 2 (Λ q ) = ℓ 2 |Λq| according to (18), then invoking Lemma 4.1, and finally following more or less [Oza] will also yield a proof of the non-amenability of B(ℓ p ). However, unlike the argument presented here, we do not see how this way of reasoning will yield the non-amenability of B(E) for every L p -space with E ∼ = ℓ p (E), such as L p [0, 1] .
